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Abstract
We establish that a category of fibrant objects (in the sense of Brown)
admits a Dwyer–Kan homotopical calculus of right fractions. This is
done using a homotopical calculus of cocycles, which is an auxiliary
structure that can be defined on every category of fibrant objects. As
an application, we deduce some non-abelian versions of the Verdier hy-
percovering theorem.
Introduction
An (∞, 1)-category is like a category, except that one has hom-spaces instead of
hom-sets, and the axioms hold only up to a coherent system of homotopies. In
turn, a category of fibrant objects in the sense of Brown [1973] is a convenient
presentation of an (∞, 1)-category with finite homotopy limits. This heuristic
picture can be made precise: see [Szumiło, 2014] and [Kapulkin and Szumiło,
2015]. As the name suggests, the full subcategory of fibrant objects in a model
category in the sense of Quillen [1967] is indeed a category of fibrant objects—
so e.g. for any ring R, the category of unbounded chain complexes of left R-
modules is a category of fibrant objects—but there are other examples: for
instance, Uuye [2013] showed that the category of C∗-algebras is a category of
fibrant objects, and Andersen and Grodal [1997] showed that the associated
(∞, 1)-category cannot be presented by a closed model category. Also, a right
proper model category in which the class of weak equivalences is closed under
binary product—such as the category of simplicial sets with the usual Kan–
Quillen model structure—is itself a category of fibrant objects (with the same
weak equivalences, but more fibrations).
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The (∞, 1)-category presented by a category of fibrant objects can be con-
structed in various ways, some more explicit than others. The general idea
is as follows: given a category C with a subcategory W ⊆ C of weak equival-
ences, the associated (∞, 1)-category is the one obtained by regarding C as an
(∞, 1)-category and freely inverting the morphisms in W. The simplicial and
hammock localisations introduced by Dwyer and Kan [1980a,b] are two ways
of doing this. A third way, due to Rezk [2001], is to take a fibrant replace-
ment of the Rezk classification diagram with respect to the model structure
for complete Segal spaces. These constructions should be understood as en-
richments of the ordinary localisation of a category with weak equivalences
which capture more of the implicit “higher-dimensional information”. For ex-
ample, in the case of the category of unbounded chain complexes of abelian
groups, the hom-spaces of the corresponding (∞, 1)-category are equivalent to
the connective truncation of the classical derived hom-complexes, so e.g. the
n-th homotopy group of the space of homotopy morphisms A → B is natur-
ally isomorphic to the homology group Hn(RHomZ(A,B)), also known as the
hyper-ext group Ext−nZ (A,B).
In applications, it is desirable to have convenient formulae for the hom-
spaces of the (∞, 1)-category presented by a category of fibrant objects. Al-
though the hom-spaces of the hammock localisation already have an explicit
description, just as in the case of ordinary localisation, one can sometimes
obtain a simpler description when the pair (C,W) has good properties. For
instance, when C is a category of fibrant objects and W is its subcategory of
weak equivalences, it is well known that every morphism in C[W−1] can be
represented by what Jardine [2009] calls ‘cocycles’, i.e. zigzags of the form
• • •
≃
and the main goal of this paper is to show that arbitrary zigzags in categories
of fibrant objects can be reduced to cocycles in a homotopically sensitive way.
More precisely:
Theorem. Any category of fibrant objects admits a homotopy calculus of right
fractions in the sense of Dwyer and Kan [1980b].
It is not so hard to verify the claim when we have functorial path objects:
indeed, this is a folklore result, and the closely related case of a Waldhausen
category with a cylinder functor is described in [Weiss, 1999, §1]. One can then
determine the homotopy type of the hom-spaces of the hammock localisation of
a general category of fibrant objects by embedding it in a category of simplicial
presheaves—this is the strategy employed in the proof of Proposition 3.23 in
[Cisinski, 2010b]—but we will take a different approach to eliminating the
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hypothesis of functorial path objects. The key observation is that there is
a contractible space parametrising certain special (section of trivial fibration,
trivial fibration)-factorisations of weak equivalences. Almost everything else
follows formally: indeed, we will treat this situation axiomatically by defining
the notion of a homotopical calculus of cocycles.
As an application of the main result, we consider the category of (locally
fibrant) simplicial presheaves on a site. From the point of view of homotopy
theory, the central problem of sheaf theory is essentially the determination of
the homotopy type the space of sections (over a given object in the site) of the
hypersheaf associated with a given simplicial presheaf: for example, as Brown
[1973, §3] observed, sheaf cohomology can be paraphrased in these terms via
the formula below,
RnΓ(T,A) ∼= πm−nRΓ(T,K(A,m))
where A is an abelian (pre)sheaf, K(A,m) is the simplicial (pre)sheaf corres-
ponding (under Dold–Kan) to the chain complex consisting of just A in degree
m, and m ≥ n. The Verdier hypercovering theorem in its classical form is
a colimit formula for sheaf cohomology in terms of generalised Čech cochain
complexes, and following a suggestion of Rezk [2014], we derive a non-abelian
version that computes (up to weak homotopy equivalence) RΓ(T,X) for any
locally fibrant simplicial presheaf X in terms of a homotopy colimit of simpli-
cial sets of generalised sections of X.
Outline
• In §1, we collect some miscellaneous facts about homotopy colimits.
• In §2, we review the definitions and fundamental results regarding zig-
zags in relative categories.
• In §3, we introduce the notion of a homotopical calculus of cocycles,
which is a sufficient condition for a category with weak equivalences to
admit a homotopical calculus of right fractions.
• In §4, we prove that a category of fibrant objects with functorial path
objects admits a homotopical calculus of cocycles.
• In §5, we define the notion of a simplicial category of fibrant objects
and give a homotopy colimit formula for the hom-spaces of its hammock
localisation.
• In §6, we apply this theory to the study of simplicial presheaves on a
site.
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• In §A, we show that a general category of fibrant objects (i.e. pos-
sibly without functorial path objects) admits a homotopical calculus of
cocycles.
Conventions
It will be convenient to implicitly assume that categories are small, especially
in §§2–5 and §A. Since the categories of interest are usually not small, it
is not possible to apply these results as stated literally; one way to work
around this to adopt a suitable universe axiom. Alternatively, because most
of the categories under consideration in §6 are essentially small, one could just
replace them with small skeletons where necessary, thereby avoiding the use
of universes.
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1 Homotopy colimits
The following definition is due to Bousfield and Kan [1972].
Definition 1.1. Let X : Cop → sSet be a small simplicially enriched diagram.
The homotopy colimit holim
−→Cop
X is the diagonal of the bisimplicial set
B•(X, C,∆1) defined below,
Bn(X, C,∆1) =
∐
(c0,...,cn)
X(cn)× C(cn−1, cn)× · · · × C(c0, c1)
where the disjoint union is indexed over (n+ 1)-tuples of objects in C, with
the evident face and degeneracy operators.
Example 1.2. Let X : Cop → Set be a small diagram and let D be the
category of elements of X, i.e. the opposite of the comma category (1 ↓X),
where 1 is a singleton set. Regarding X as a diagram Cop → sSet, it is not
hard to see that holim
−→C
X is (isomorphic to) the nerve N(D).
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We will need some miscellaneous facts about homotopy cofinality. First, let
us say that a weakly contractible category is a category A such that the
unique morphism N(A) → ∆0 is a weak homotopy equivalence of simplicial
sets. We then make the following definition:
Definition 1.3. A homotopy cofinal functor is a functor F : C → D with
the following property: for all objects d in D, the comma category (d ↓ F ) is
weakly contractible.
Lemma 1.4. Let P : E → B is a Grothendieck fibration. The following are
equivalent:
(i) The (strict) fibres of P are weakly contractible categories.
(ii) P is a homotopy cofinal functor.
Proof. Let b be an object in B. There is a functor P−1{b} →֒ (b ↓ P ) sending
objects e in P−1{b} to (e, idb) in (b ↓ P ), and it is well known that this functor
has a right adjoint when P : E → B is a Grothendieck fibration. Since adjoint
functors induce homotopy equivalences of nerves, it follows that P−1{b} is
weakly contractible if and only if (b ↓ P ) is weakly contractible. 
Lemma 1.5. Let F : C → D and G : D → E be functors. If GF : C → E
is homotopy cofinal and G : D → E is fully faithful, then F : C → D is also
homotopy cofinal.
Proof. Let d be any object in D. If G : D → E is fully faithful, then there
is an isomorphism (d ↓ F ) ∼= (G(d) ↓GF ), so F : C → D is homotopy cofinal
when GF : C → E is. 
Theorem 1.6 (Quillen’s Theorem A). Homotopy cofinal functors are weak
homotopy equivalences of categories.
Proof. See [Quillen, 1973, §1]. 
Lemma 1.7. Consider a pullback diagram in Cat:
E ′ E
B′ B
P ′
L
P
F
If P : E → B is a Grothendieck fibration and F : B′ → B has a right adjoint,
then L : E ′ → E also has a right adjoint.
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Proof. Let G : B → B′ be any right adjoint for F : B′ → B, let e1 be an
object in E , let e′0 be an object in E
′, let b1 = e1, let b′0 = P
′(e′0), choose a
cartesian morphism ε˜e1 : (εb1)
∗
e1 → e1 in E such that P (ε˜e1) = εb1, where
εb1 : F (G(b1)) → b1 is the counit component, and let R(e1) be the unique
object in E ′ such that P ′(R(e1)) = Gb1 and L(R(e1)) = (εb1)
∗
e1. We then
have the following commutative diagram,
E ′(e′0, R(e1)) E(L(e
′
0), L(R(e1))) E(L(e
′
0), e1)
B′(b′0, G(b1)) B(F (b
′
0), F (G(b1))) B(F (b
′
0), b1)
P ′
L
P
E
(
L
(
e′0
)
, ε˜e1
)
P
F B
(
F
(
b′0
)
, εb1
)
where both squares and the outer rectangle are pullback diagrams; but the
composite of the bottom row is a bijection, so the composite of the top row is
also a bijection. Thus, L : E ′ → E indeed has a right adjoint. 
Lemma 1.8. Let X : Cop → sSet be a small simplicially enriched diagram. If
C has cotensor products ∆m⋔c for every standard simplex ∆m and every object
c in C, then (regarding the underlying category C as a simplicially enriched
category with discrete hom-spaces) the canonical comparison morphism
holim
−→Cop
X → holim
−→Cop
X
is a weak homotopy equivalence.
Proof. Let Y• and Y ′• be the transposes of the bisimplicial sets B•(X, C,∆1)
and B•(X, C,∆1), respectively, and for each natural number m, let Cm be the
m-th level of the simplicial category corresponding to C. (Note that C = C0.)
Then,
Ym,n =
∐
(c0,...,cn)
X(cn)m × Cm(cn−1, cn)× · · · × Cm(c0, c1)
Y ′m,n =
∐
(c0,...,cn)
X(cn)m × C0(cn−1, cn)× · · · × C0(c0, c1)
and the canonical comparison morphism holim
−→C
X → holim
−→C
X is simply the
diagonal of the bisimplicial set morphism Y ′• → Y• defined in degree m by the
m-fold iterated degeneracy C0 → Cm. But, for any c and c′ in C,
C0(c
′,∆m ⋔ c) ∼= Cm(c
′, c)
so the m-fold iterated degeneracy C0 → Cm has a right adjoint. It follows by
lemma 1.7 that the morphisms Y ′m → Ym are nerves of left adjoint functors and
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hence are (simplicial) homotopy equivalences a fortiori. Thus, by the homo-
topy invariance of diagonals,[1] the induced morphism holim
−→C
X → holim
−→C
X
is a weak homotopy equivalence. 
We will also need the following version of the Grothendieck construction:
Definition 1.9. Let X : Cop → Cat be a small diagram. The oplax colimit
for X is the category lim
−→
Gr
Cop
X defined below:
• The objects are pairs (c, x) where c is an object in C and x is an object
in X (c).
• The morphisms (c′, x′) → (c, x) are pairs (f, g) where f : c′ → c is a
morphism in C and g : x′ → X (f)(x) is a morphism in X (c′).
• Composition and identities are inherited from C and X .
Example 1.10. Let X : Cop → Set be a small diagram. Regarding X as
a diagram Cop → Cat, it is not hard to see that lim
−→
Gr
C
X is the category of
elements of X, i.e. (1 ↓X)op.
Theorem 1.11 (Thomason’s homotopy colimit theorem). Let X : Cop → Cat
be a small diagram. There is a weak homotopy equivalence
holim
−→Cop
N ◦ X → N
(
lim
−→
Gr
Cop
X
)
which is moreover natural in C and X .
Proof. See [Thomason, 1979]. 
2 Zigzags in relative categories
Recall the following definitions from [Barwick and Kan, 2012]:
Definition 2.1.
• A relative category is a pair C = (und C,weq C) where und C is a cat-
egory and weq C is a (usually non-full) subcategory of und C containing
all the objects.
• Given a relative category C, a weak equivalence in C is a morphism in
weq C.
• The homotopy category of a relative category C is the category Ho C
obtained by freely inverting the weak equivalences in C.
[1] See e.g. Theorem 15.11.11 in [Hirschhorn, 2003].
7
Cocycles in categories of fibrant objects
• Given relative categories C and D, a relative functor C → D is a
functor und C → undD that restricts to a functor weq C → weqD, and
the relative functor category [C,D]h is the relative category whose
underlying category is the full subcategory of the ordinary functor cat-
egory [und C, undD] spanned by the relative functors, with the weak
equivalences being the natural transformations whose components are
weak equivalences in D.
Remark 2.2. The 2-category of (small) categories admits several 2-fully faith-
ful embeddings into the 2-category of (small) relative categories; unless oth-
erwise stated, we will regard an ordinary category as minimal relative cat-
egory where the only weak equivalences are the identity morphisms. In par-
ticular, given an ordinary category C and a relative category D, we will often
tacitly identify the ordinary functor category [C,D] with the relative functor
category [C,D]h.
Definition 2.3.
• A zigzag type is a finite sequence of non-zero integers (k0, . . . , kn),
where n ≥ 0, such that for 0 ≤ i < n, the sign of ki is the opposite
of the sign of ki+1.
• Given a finite sequence of integers (k0, . . . , kn), [k0; . . . ; kn] is the relative
category whose underlying category is freely generated by the graph
0 · · · |k0|+ · · ·+ |kn|
where (counting from the left) the first |k0| arrows point rightward (resp.
leftward) if k0 > 0 (resp. k0 < 0), the next |k2| arrows point rightward
(resp. leftward) if k1 > 0 (resp. k1 < 0), etc., with the weak equivalences
being generated by the leftward-pointing arrows.
• A zigzag in a relative category C of type [k0; . . . ; kn] is a relative functor
[k0; . . . ; kn] → C; given a zigzag, its length is m = |k0| + · · · + |kn|, its
domain is the image of the object 0, and its codomain is the image of
the object m.
Example 2.4. For example, [−1; 2] denotes the relative category generated
by the following graph,
0 1 2 3
≃
with 1→ 0 being the unique non-trivial weak equivalence.
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Remark 2.5. For any [k0; . . . ; kn], if |k0| + · · · + |kn| > 0, then there is a
unique zigzag type (l0, . . . , lm) such that [k0; . . . ; kn] = [l0; . . . ; lm]. However,
it is convenient to allow unnormalised notation.
Definition 2.6. Let X and Y be objects in a relative category C and let
(k0, . . . , kn) be a finite sequence of integers. The category of zigzags in C
from X to Y of type (k0; . . . ; kn) is the category C[k0;...;kn](X, Y ) defined below:
• The objects are the zigzags in C of type [k0; . . . ; kn] whose domain is X
and whose codomain is Y .
• The morphisms are commutative diagrams in C of the form
X • · · · • Y
X • · · · • Y
≃ ≃
where the top row is the domain, the bottom row is the codomain, and
the vertical arrows are weak equivalences in C.
• Composition and identities are inherited from C.
For brevity, we write C[k0;...;kn] instead of weq [[k0; . . . ; kn], C]h.
Remark. In other words, the morphisms in C[k0;...;kn](X, Y ) are certain ham-
mocks of width 1, in the sense of Dwyer and Kan [1980b].
For brevity, let us say that aweak homotopy equivalence of categories
is a functor F : C → D such that N(F ) : N(C) → N(D) (i.e. the induced
morphism of nerves) is a weak homotopy equivalence of simplicial sets. The
following is a variation on the homotopy calculus of right fractions introduced
by Dwyer and Kan [1980b].
Definition 2.7. A relative category C admits a homotopical calculus of
right fractions if it satisfies the following condition:
• For all natural numbers k and l and all objects X and Y in C, the evident
functor
C[−1;k;l](X, Y )→ C[−1;k;−1;l](X, Y )
defined by inserting an identity morphism is a weak homotopy equival-
ence of categories.
Remark 2.8. Let C be a relative category and let W be weq C considered
as a relative category where all morphisms are weak equivalences. Then the
following are equivalent:
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(i) C admits a homotopy calculus of right fractions in the sense of Dwyer
and Kan [1980b].
(ii) Both C and W admit a homotopical calculus of right fractions in the
sense of the above definition.
Moreover, if the weak equivalences in C have the 2-out-of-3 property, then W
admits a homotopical calculus of right fractions if C does.
Remark 2.9. If a relative category C admits a homotopical calculus of right
fractions, then C also admits a homotopical three-arrow calculus. In partic-
ular, the results of [Low and Mazel-Gee, 2015] apply, i.e. any Reedy-fibrant
replacement N̂(C) of the Rezk classification diagram N(C) is a Segal space,
and N̂(C) is a complete Segal space if C is a saturated homotopical category.
Theorem 2.10 (Dwyer and Kan). Let C be a relative category and let LHC be
the hammock localisation.
(i) If C admits a homotopical calculus of right fractions, then the reduction
morphism N
(
C[−1;1](X, Y )
)
→ LHC(X, Y ) is a weak homotopy equival-
ence of simplicial sets.
(ii) The reduction morphism N
(
C[−1;1](X, Y )
)
→ LHC(X, Y ) is natural in the
following sense: given any weak equivalence X → X ′ and any morphism
Y → Y ′ in C, the following diagram commutes in sSet,
N
(
C[−1;1](X, Y )
)
L
HC(X, Y )
N
(
C[−1;1](X ′, Y ′)
)
L
HC(X ′, Y ′)
where the left vertical arrow is defined by composition and the right ver-
tical arrow is defined by concatenation.
Proof. (i). This is Proposition 6.2 in [Dwyer and Kan, 1980b]. Note that the
second half of the ‘homotopy calculus of right fractions’ condition is not used,
so it does indeed suffice to have a homotopical calculus of right fractions.
(ii). Obvious. 
Corollary 2.11. Let C be a relative category. If C admits a homotopical
calculus of right fractions, then for any weak equivalencesX → X ′ and Y → Y ′
in C, the induced functor
C[−1;1](X, Y )→ C[−1;1](X ′, Y ′)
is a weak homotopy equivalence of categories.
Proof. Use naturality (as in theorem 2.10) and Proposition 3.3 in [Dwyer and
Kan, 1980b]. 
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3 The homotopical calculus of cocycles
The following notion of ‘cocycle’ is originally due to Jardine [2009].
Definition 3.1. Let C be a relative category and let V be a class of weak
equivalences in C.
• Given objects X and Y in C, a V-cocycle (f, v) : X →[ Y in C is a
diagram in C of the form below,
X X˜ Y
v f
where v : X˜ → X is a morphism in V. Given such, the domain is X
and the codomain is Y .
We write C[−1;1]V (X, Y ) for the full subcategory of C
[−1;1](X, Y ) spanned
by the V-cocycles.
• If V = weq C, then we may simply say cocycle instead of ‘V-cocycle’.
Remark 3.2. In other words, a cocycle in C is a zigzag of type [−1; 1].
¶ 3.3. Recall that a category with weak equivalences is a relative
category in which the weak equivalences have the 2-out-of-3 property and
include all isomorphisms. For the remainder of this section, C is a category
with weak equivalences and W = weq C.
Heuristically, a homotopical calculus of cocycles for C consists of three
pieces of data: a class V of “good” weak equivalences in C, a category of
“enhanced” cocycles, and a forgetful functor from the category of “enhanced”
cocycles to the category of cocycles in C, such that:
• V is closed under pullback.
• “Enhanced” cocycles can be pulled back along pairs of weak equivalences.
• The underlying cocycle of an “enhanced” cocycle is a V-cocycle.
• Every cocycle can be replaced with an “enhanced” cocycle in a homotop-
ically unique way.
More precisely, we make the following definition.
Definition 3.4. A homotopical calculus of cocycles for C consists of a
class V of morphisms in W, a category Cfun, and a functor U : Cfun → C[−1;1]
satisfying the following conditions:
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• V is closed under pullback in C in the sense that, for any morphism
v : X → Y in V and any morphism g : Y ′ → Y in C, there is a pullback
diagram in C of the form below,
X ′ X
Y ′ Y
v′ v
g
and in any such pullback diagram, v′ : X ′ → Y ′ is also in V.
• Every isomorphism in C is a member of V.
• The composite
Cfun C[−1;1] W ×W
U 〈dom, codom〉
is a Grothendieck fibration, where dom (resp. codom) is the evident
functor C[−1;1] → W sending a cocycle X →[ Y to X (resp. Y ), and the
functor U : Cfun → C[−1;1] preserves cartesian morphisms.
• For each object E in Cfun, UE is a V-cocycle in C.
• For each pair (X, Y ) of objects in C, writing Cfun(X, Y ) for the strict
fibre of the above functor Cfun →W ×W, the induced functor
UX,Y : C
fun(X, Y )→ C[−1;1](X, Y )
is homotopy cofinal.
Remark 3.5. We do not require 〈dom, codom〉 : C[−1;1] →W×W to be a Gro-
thendieck fibration. Nonetheless, it still makes sense to talk about cartesian
morphisms in C[−1;1]. For example, consider a cocycle in C,
X Z Y
v f
where v : Z → X is in V; then, for any weak equivalence w : X ′ → X in C, we
can form the following commutative diagram in C,
X ′ Z ′ Y
X Z Y
w
v′ f
′
v f
where the left square is a pullback diagram in C, and it is straightforward to
verify that the corresponding morphism (f ′, v′)→ (f, v) is a cartesian morph-
ism in C[−1;1].
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The primary example of a homotopical calculus of cocycles is the case where
C is a category of fibrant objects, V is the subcategory of trivial fibrations in C,
Cfun is a certain full subcategory of C[−1;1], and the functor U : Cfun → C[−1;1]
is the inclusion. The details of this are deferred to the following sections.
¶ 3.6. For the remainder of this section, let V ⊆ W, Cfun, and U : Cfun →
C[−1;1] be the data of a homotopical calculus of cocycles for C.
Lemma 3.7. Let D be a full subcategory of C (regarded as a relative category
with the same weak equivalences) and let U : Dfun → D[−1;1] be defined by the
following pullback diagram in Cat:
Dfun D[−1;1]
Cfun C[−1;1]
U
U
If D is a homotopically replete in C,[2] then V ∩morD, Dfun, and U : Dfun →
D[−1;1] define a homotopical calculus of cocycles in D.
Proof. Since D is a full and homotopically replete subcategory of C, V ∩ D is
closed under pullback in D. It is not hard to verify that the following diagram
is a pullback square in Cat,
D[−1;1] weqD × weqD
C[−1;1] weq C × weq C
〈dom, codom〉
〈dom, codom〉
so by the pullback pasting lemma, the outer rectangle in the diagram below is
also a pullback diagram in Cat:
Dfun D[−1;1] weqD × weqD
Cfun C[−1;1] weq C × weq C
U 〈dom, codom〉
U 〈dom, codom〉
Recalling that the class of Grothendieck fibrations is closed under pullback in
Cat, we deduce that the composite of the top row is a Grothendieck fibration,
as required. Moreover, any morphism in D[−1;1] that is a cartesian morphism in
C[−1;1] is automatically a cartesian morphism in D[−1;1], so U : Dfun → D[−1;1]
preserves cartesian morphisms. Since the remaining axioms can be checked
fibrewise, this completes the proof. 
[2] — i.e. for any weak equivalence w : X → Y in C, if either X or Y is in D, then X , Y , and
w : X → Y are all in D.
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Lemma 3.8. For any pair (X, Y ) of objects in C, in the following commutative
diagram,
Cfun(X, Y ) C
[−1;1]
V (X, Y )
Cfun(X, Y ) C[−1;1](X, Y )
UX,Y
every arrow is a weak homotopy equivalence of categories.
Proof. The bottom horizontal arrow is a homotopy cofinal functor and the
right vertical arrow is fully faithful. By lemma 1.5, the top horizontal arrow
is also a homotopy cofinal functor, so by Quillen’s Theorem A (1.6) and the
2-out-of-3 property, the inclusion is indeed a weak homotopy equivalence of
categories. 
¶ 3.9. Let R be the category defined as follows:
• The objects are tuples (X, Y, w, E, u) where w : X → Y is a weak
equivalence in C, E is an object in Cfun(X, Y ), and u is a weak equivalence
in C making the diagram in C shown below commute,
Y X X
Y • X
w
u
id
where the bottom row is the cocycle UE. (In particular, we require
(dom ◦ U)E = Y and (codom ◦ U)E = X.)
• The morphisms (X0, Y0, w0, E0, u0)→ (X1, Y1, w1, E1, u1) are the morph-
isms k : E0 → E1 in Cfun such that the diagram in C shown below
commutes,
Y0 X0 X0
Y1 X1 X1
Y0 • X0
Y1 • X1
w0
u0
id
w1 id
u1
where the bottom face is Uk.
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• Composition and identities are inherited from Cfun.
Note that there is an evident fully faithful embedding of R into the comma
category
(
C[−1;1] ↓ U
)
.
Lemma 3.10. The evident projection R → C[−1] is a Grothendieck fibration
whose (strict) fibres are weakly contractible.
Proof. Let (X1, Y1, w1, E1, u1) be an object in R. Suppose we have the follow-
ing commutative diagram in W:
Y0 X0
Y1 X1
g
w0
f
w1
Since Cfun → W ×W is a Grothendieck fibration, we may choose a cartesian
morphism k : E0 → E1 in Cfun such that Uk is of the form below:
Y0 Z0 X0
Y1 Z1 X1
g
v0
h
q0
f
v1 q1
Moreover, Uk : UE0 → UE1 is a cartesian morphism in C[−1;1], so there is a
unique morphism u0 : X0 → Z0 in C such that the diagram in C shown below
commutes,
Y0 X0 X0
Y1 X1 X1
Y0 Z0 X0
Y1 Z1 X1
g
w0
u0
f
id
f
w1 id
v0
g
q0
h f
v1
u1
q1
and by the 2-out-of-3 property, u0 : X0 → Z0 is a weak equivalence in C. Thus,
(X0, Y0, w0, E0, u0) is an object in R and k : E0 → E1 defines a morphism
(X0, Y0, w0, E0, u0)→ (X1, Y1, w1, E1, u1) in R.
We will now show that k : (X0, Y0, w0, E0, u0) → (X1, Y1, w1, E1, u1) is a
cartesian morphism in R. Let k′ : (X ′, Y ′, w′, E ′, u′) → (X1, Y1, w1, E1, u1) be
15
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a morphism in R and suppose we have a commutative diagram in W of the
form below,
Y ′ X ′
Y0 X0
Y1 X1
y
w′
x
g
w0
f
w1
where (dom ◦ U)k′ = g ◦ y and (codom ◦ U)k′ = f ◦ x. Since k : E0 → E1
is a cartesian morphism in Cfun, there is a unique morphism e : E ′ → E0
such that k ◦ e = k′ with (dom ◦ U)e = y and (codom ◦ U)e = x. Suppose
Ue : UE ′ → UE0 is as follows:
Y ′ Z ′ X ′
Y0 Z0 X0
y
v′
z
q′
x
v0 q0
To show that e defines a morphism (X ′, Y ′, w′, E ′, u′)→ (X0, Y0, w0, E0, u0) in
R, we must verify that z ◦ u′ = u0 ◦ x. But the diagram in C shown below
commutes,
Y ′ X ′ X ′
Y ′ Z ′ X ′
y
w′
x
id
x
v′ q′
so v0 ◦ (z ◦ u′) = v0 ◦ (u0 ◦ x) and q0 ◦ (z ◦ u′) = q0 ◦ (u0 ◦ x). Furthermore,
h ◦ (z ◦ u′) = (u1 ◦ f) ◦ x = h ◦ (u0 ◦ x), and since Uk : UE0 → UE1 is a
cartesian morphism in C[−1;1], it follows that z ◦ u′ = u0 ◦ x as required. This
completes the proof that k : (X0, Y0, w0, E0, u0) → (X1, Y1, w1, E1, u1) is a
cartesian morphism in R.
Finally, it remains to be shown that the (strict) fibres of R → C[−1] are
weakly contractible. But for any weak equivalence w : X → Y in C, the
corresponding fibre is isomorphic to the comma category ((idX , w) ↓ UY,X),
and since UY,X : Cfun(Y,X) → C[−1;1](Y,X) is a homotopy cofinal functor,
((idX , w) ↓ UY,X) is weakly contractible, as required. 
Lemma 3.11. C admits a homotopical calculus of right fractions.
Proof. Let (X, Y ) be a pair of objects in C, let k and l be natural numbers, let
H0(X, Y ) = C
[−1;k;l](X, Y ), let H1(X, Y ) = C[−1;k;−1;l], and let S : H0(X, Y )→
16
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H1(X, Y ) be the evident functor defined by inserting an identity morphism.
We must show that S is a weak homotopy equivalence of categories.
Let H+1 (X, Y ) be defined by the following pullback diagram in Cat,
H+1 (X, Y ) R
H1(X, Y ) C
[−1]
P1
Q
P
where H1(X, Y ) → C[−1] the evident projection that sends a zigzag of type
[−1; k;−1; l] to the interior leftward-pointing arrow and P : R → C[−1] is the
Grothendieck fibration defined in lemma 3.10, and let H+0 (X, Y ) be defined by
the following pullback diagram in Cat:
H+0 (X, Y ) H
+
1 (X, Y )
H0(X, Y ) H1(X, Y )
P0
S+
P1
S
We know P : R → C[−1] is a Grothendieck fibration with weakly contractible
(strict) fibres, and these properties are preserved by pullback, so both P1 :
H+1 (X, Y )→ H1(X, Y ) and P0 : H
+
0 (X, Y )→ H0(X, Y ) are also Grothendieck
fibrations with weakly contractible (strict) fibres. Hence, by lemma 1.4 and
Quillen’s Theorem A (1.6), they are weak homotopy equivalences of categories.
Thus, in view of the 2-out-of-6 property (of isomorphisms), to show that S :
H0(X, Y )→H1(X, Y ) is a weak homotopy equivalence of categories, it suffices
to find a functor D : H+1 (X, Y )→H0(X, Y ) such that the diagram in Ho sSet
shown below commutes:
N
(
H+0 (X, Y )
)
N
(
H+1 (X, Y )
)
N(H0(X, Y )) N(H1(X, Y ))
N(P0)
N
(
S+
)
N(D)
N(P1)
N(S)
(∗)
First, observe that every object in H+1 (X, Y ) has an underlying commut-
ative diagram in C of the form below:
Y˜0 Y˜0
X˜ ′k Y˜0
X X˜0 · · · X˜k−1 X˜k Y˜0 · · · Y˜l−1 Y
q
id
vk
uk
fk w gl
17
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For 0 < i ≤ k, write fi for the morphism X˜i−1 → X˜i in the above diagram.
Since vk : X˜ ′k → X˜k is in V, we may functorially construct the following
commutative diagram in C,
X˜ ′0 · · · X˜
′
k−1 X˜
′
k
X˜0 · · · X˜k−1 X˜k
v0 vk−1
f ′
k
vk
fk
where each square is a pullback diagram in C. We then obtain the diagram in
C shown below,
X X˜ ′0 · · · X˜
′
k−1 Y˜0 Y˜0 · · · Y˜l−1 Y˜l
X X˜ ′0 · · · X˜
′
k−1 X˜
′
k Y˜0 · · · Y˜l−1 Y˜l
X X˜0 · · · X˜k−1 X˜k Y˜0 · · · Y˜l−1 Y˜l
q ◦ f ′
k
q
id gl
v0 vk−1
f ′
k
vk
uk gl
fk w gl
where every vertical arrow is a weak equivalence in C. Omitting the internal
leftward-pointing arrow in the top row gives an object in H0(X, Y ), so this
construction defines a functor D : H+1 (X, Y ) → H0(X, Y ) equipped with a
zigzag of natural weak equivalences connecting P1 and S ◦D.
Now, suppose X˜k = Y˜0 and w = idY˜0. Then, for 0 ≤ i < k, there is a
unique morphism ui : X˜i → X˜ ′i in C making the diagram below commute:
X˜i X˜i+1
X˜ ′i X˜
′
i+1
X˜i X˜i+1
id
ui
fi+1
ui+1
vi
f ′i+1
vi+1
fi+1
Since q ◦ uk = idY˜0, we obtain the following commutative diagram in C,
X X˜0 · · · X˜k−1 Y˜0 · · · Y˜l−1 Y˜l
X X˜ ′0 · · · X˜
′
k−1 Y˜0 · · · Y˜l−1 Y˜l
u0 uk−1
fk gl
q ◦ f ′
k
gl
where every vertical arrow is weak equivalence in C. Thus, we have a natural
weak equivalence P0 ⇒ D ◦ S+, so D : H+1 (X, Y ) → H0(X, Y ) is indeed a
functor making (∗) commute. 
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A homotopical calculus of cocycles gives us a slightly better model for
the homotopy type of the hom-spaces of the hammock localisation than a
homotopical calculus of right fractions. Indeed, morphisms in V can be pulled
back along arbitrary morphisms in C, so the V-cocycle category C[−1;1]V (X, Y )
is contravariantly pseudofunctorial in X and strictly functorial in Y , as X
and Y vary in C (and not just W). We then have the following analogue of
theorem 2.10 for V-cocycles:
Theorem 3.12. Let LHC be the hammock localisation of C and let X and Y
be objects in C.
(i) The reduction morphism N
(
C
[−1;1]
V (X, Y )
)
→ LHC(X, Y ) is a weak ho-
motopy equivalence.
(ii) The reduction morphism N
(
C
[−1;1]
V (X, Y )
)
→ LHC(X, Y ) is natural in
the following sense: for any morphisms X ′ → X and Y → Y ′ in C, the
following diagram commutes in Ho sSet,
N
(
C
[−1;1]
V (X, Y )
)
L
HC(X,X)
N
(
C
[−1;1]
V (X
′, Y ′)
)
L
HC(X ′, Y ′)
where the left vertical arrow is defined as above and the right vertical
arrow is defined by concatenation.
(iii) There is an isomorphism
N
(
C
[−1;1]
V (−,−)
)
∼= LHC(−,−)
of functors Ho Cop × Ho C → Ho sSet.
Proof. (i). Combine theorem 2.10 with lemmas 3.8 and 3.11.
(ii). Straightforward.
(iii). This is an immediate consequence of (i) and (ii). 
Remark 3.13. Moreover, if V is closed under composition, then we can form a
bicategory whose hom-categories are the cocycle categories C[−1;1]V (X, Y ), which
we may regard as a “more algebraic” model of LHC.
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4 Categories of fibrant objects
The following definition is due to Brown [1973].
Definition 4.1. A category of fibrant objects is a category C with finite
products and equipped with a pair (W,F) of subclasses of mor C satisfying
these axioms:
(A) (C,W) is a category with weak equivalences.
(B) Every isomorphism is in F , and F is closed under composition.
(C) Pullbacks along morphisms in F exist in C, and the pullback of a morph-
ism that is in F (resp. W ∩ F) is also a morphism that is in F (resp.
W ∩F).
(D) For each object X in C, there is a commutative diagram of the form
below,
X Path(X)
X ×X
∆
i
p
where ∆ : X → X × X is the diagonal morphism, i : X → Path(X) is
in W, and Path(X)→ X ×X is in F .
(E) For any object X in C, the unique morphism X → 1 is in F .
In a category of fibrant objects as above,
• a weak equivalence is a morphism in W,
• a fibration is a morphism in F , and
• a trivial fibration (or acyclic fibration) is a morphism in W ∩F .
Example 4.2. Of course, the full subcategory of fibrant objects in a model
category is a category of fibrant objects, with weak equivalences and fibrations
inherited from the model structure.
Example 4.3. LetM be a right proper model category, letW be the class of
weak equivalences, and let F be the class of morphisms p : X → Y with the
following property: every pullback square in M of the form below
X ′ X
Y ′ Y
p
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is also a homotopy pullback square in M. (In other words, F is the class of
sharp maps inM in the sense of Rezk [1998].) Let E be the full subcategory
of M spanned by those objects X such that the unique morphism X → 1 is
in F . Then E is a category of fibrant objects, with weak equivalences W and
fibrations F .
Definition 4.4. Let C be a category of fibrant objects and let (X, Y ) be a pair
of objects in C. A functional correspondence (p, v) : X →[ Y is a cocycle,
X X˜ Y
v p
such that 〈p, v〉 : X˜ → Y ×X is a fibration.
We write Cfun (resp. Cfun(X, Y )) for the full subcategory of C[−1;1] (resp.
C[−1;1](X, Y )) spanned by the functional correspondences.
Remark 4.5. Since product projections in a category of fibrant objects are
fibrations, it follows that v : X˜ → X is a trivial fibration and p : X˜ → Y is a
fibration. However, the converse is not true: for instance, (idY , idY ) : Y →[ Y
is rarely a functional correspondence.
Lemma 4.6. Let C be a category of fibrant objects and let W = weq C.
(i) Consider a pullback diagram in C of the form below,
X˜ ′ X˜
Y ′ ×X ′ Y ×X
〈p′, v′〉
f˜
〈p, v〉
g × f
where f : X ′ → X and g : Y ′ → Y are weak equivalences in C. If (p, v) :
X →[ Y is a functional correspondence in C, then (p′, v′) : X ′ →[ Y ′ is
also a functional correspondence in C.
(ii) The functor Cfun →W ×W sending functional correspondences X →[ Y
to the pair (X, Y ) is a Grothendieck fibration.
(iii) The inclusion Cfun →֒ C[−1;1] preserves cartesian morphisms.
Proof. (i). In view of the pullback pasting lemma, we may assume that either
f = idX or g = idY .
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First, consider the case where g = idY . We have the following commutative
diagram in C,
X˜ ′ X˜
Y ×X ′ Y ×X Y
X ′ X 1
〈p′, v′〉
f˜
〈p, v〉
idY × f
f
where the unlabelled arrows are the evident projections and the squares are
pullback diagrams in C. Thus, v′ : X˜ ′ → X ′ is the pullback of v : X˜ → X
along f : X ′ → X, so by axiom C, v′ : X˜ ′ → X ′ is indeed a trivial fibration in
C.
Now, consider the case where f = idX instead. We have the following
commutative diagram in C,
X˜ ′ X˜
Y ′ ×X Y ×X X
Y ′ Y 1
〈p′, v′〉
f˜
〈p, v〉
g × idX
g
where the unlabelled arrows are the evident projections and the squares are
pullback diagrams in C. It is well known that the class of weak equivalences
in C is closed under pullback along fibrations,[3] so f˜ : X˜ ′ → X˜ is a weak
equivalence in C. But v′ = v ◦ f˜ , hence (by axiom A) v′ : X˜ ′ → X is a trivial
fibration in C, as required.
(ii) and (iii). With notation as in (i), it is straightforward to verify that the
commutative diagram
X ′ X˜ ′ Y ′
X X˜ Y
f
v′
f˜
p′
g
v p
defines a cartesian morphism in both Cfun and C[−1;1]. 
[3] See e.g. Lemma 2 in [Brown, 1973, §4] or Lemma 8.5 in [Goerss and Jardine, 1999, Ch. II].
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It is convenient to slightly strengthen the axioms given earlier.
Definition 4.7. A path object functor for a category of fibrant objects C
consists of the following data:
• A functor Path : C → C.
• Natural transformations i : idC ⇒ Path and p0, p1 : Path⇒ idE such that
(Path(C), iX , (p0)X , (p1)X) is a path object for every object X in C, i.e.
iX : X → Path(X) is a weak equivalence, 〈(p0)X , (p1)X〉 : Path(X) →
X ×X is a fibration and (p0)X ◦ iX = (p1)X ◦ iX = idX .
We say C has functorial path objects if it admits a path object functor.
Lemma 4.8 (Factorisation lemma). Let f : X → Y be a morphism in a
category of fibrant objects C.
(i) There exists a commutative diagram in C of the form below,
X X Y
X Ef Y
id
u
f
v p
where the bottom row is a functional correspondence in C.
(ii) Moreover, if C has functorial path objects, then u, v, and p can be chosen
functorially (with respect to f).
Proof. See (the proof of) the factorisation lemma in [Brown, 1973]. 
Lemma 4.9. Let C be a category of fibrant objects and let (X, Y ) be a pair
of objects in C. If C has functorial path objects, then the inclusion UX,Y :
Cfun(X, Y ) →֒ C[−1;1](X, Y ) is homotopy cofinal.
Proof. Let (f, w) : X →[ Y be a cocycle in C. We must show that the comma
category ((f, w) ↓ UX,Y ) is weakly contractible. By lemma 4.8, we may factor
〈f, w〉 : X˜ → Y ×X as a weak equivalence followed by a fibration, yielding an
object in ((f, w) ↓ UX,Y ). We may then use the functoriality of this factorisa-
tion to construct a zigzag of natural weak equivalences between id((f,w)↓UX,Y )
and a constant endofunctor, and it follows that ((f, w) ↓ UX,Y ) is weakly con-
tractible. 
Remark 4.10. The argument in the proof above is essentially the same as
the proof of Theorem 14.6.2 in [Hirschhorn, 2003], but applied in a different
context.
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Theorem 4.11. Let C be a category of fibrant objects and let V be the sub-
category of trivial fibrations in C. If C has functorial path objects, then V ⊆
morweq C, Cfun, and Cfun →֒ C[−1;1] constitute a homotopical calculus of cocycles
in C.
Proof. Combine lemmas 4.6 and 4.9. 
To extend the above result to the case where C is not assumed to have func-
torial path objects, we would have to prove lemma 4.9 without using functorial
factorisations. We will do this in the appendix.
5 Simplicial categories of fibrant objects
One way of getting a category of fibrant objects with functorial path objects
is to take the full subcategory of fibrant objects in a simplicial closed model
category. We may treat these axiomatically as follows:
Definition 5.1. A simplicial category of fibrant objects is a simplicially
enriched category C with simplicially enriched finite products and equipped
with a pair (W,F) of subclasses of mor C satisfying axioms A, B, C, E, and
these additional axioms:
(C∆) Simplicially enriched pullbacks along morphisms in F exist in C.
(F) For any finite simplicial set K and any object X in C, there exists an
object K ⋔ X in C equipped with a (simplicially enriched natural) iso-
morphism
sSet(K, C(−, X)) ∼= C(−, K ⋔X)
of simplicially enriched functors Cop → sSet.
(G) For any monomorphism i : K → L of finite simplicial sets and any
fibration p : X → Y in C, the morphisms
i ⋔ idY : L ⋔ Y → K ⋔ Y idK ⋔ p : K ⋔X → K ⋔ Y
are fibrations in C, and the morphism
i p : L ⋔X → (K ⋔X)×K⋔Y (L ⋔ Y )
induced by the commutative diagram in C shown below
L ⋔X L ⋔ Y
K ⋔X K ⋔ Y
i ⋔ idX
idL ⋔ p
i ⋔ idY
idK ⋔ p
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is a fibration in C. Moreover, if i is an anodyne extension (resp. p is a
trivial fibration), then both i ⋔ idY (resp. idK ⋔ p) and i  p are trivial
fibrations.
Example 5.2. Of course, if M is a simplicial closed model category and
Mf is the simplicially enriched full subcategory of fibrant objects, then Mf
admits the structure of a simplicial category of fibrant objects with the weak
equivalences and fibrations inherited from M.
Proposition 5.3. Let C be a simplicial category of fibrant objects. Then the
underlying ordinary category C (satisfies axiom D and) is a category of fibrant
objects with functorial path objects.
Proof. It straightforward to verify that ∆1⋔(−) is (the functor part of) a path
object functor for C. 
Lemma 5.4. Let C be a simplicial category of fibrant objects, let X be an object
in C, let Q be the full subcategory of the simplicially enriched slice category
C/X spanned by the trivial fibrations, and let p : U → X be an object in Q, i.e.
a trivial fibration in C.
(i) For any finite simplicial set K, the cotensor product K ⋔X p : K ⋔X U →
X exists in Q.
(ii) For any monomorphism i : K → L of finite simplicial sets, the induced
morphism i ⋔X U : L ⋔X U → K ⋔X U is a trivial fibration in C.
Proof. (i). Define the object K ⋔X p : K ⋔X U → X in C/X by the following
pullback diagram in C,
K ⋔X U K ⋔ U
X K ⋔X
K ⋔X p idK ⋔ p
where the bottom arrow is the morphism induced by the unique morphism
K → ∆0. By axiom G, idK ⋔ p : K ⋔ U → K ⋔ X is a trivial fibration in C,
so by axiom C, K ⋔X p : K ⋔X U → X is also a trivial fibration in C, hence
is an object in Q. It is straightforward to verify that K ⋔X p has the required
simplicially enriched universal property in Q.
(ii). By axiom G, we have a trivial fibration
i p : L ⋔ U → (K ⋔ U)×K⋔X (L ⋔X)
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induced by the commutative diagram in C shown below:
L ⋔ U L ⋔X
K ⋔ U K ⋔X
i ⋔ idU
idL ⋔ p
i ⋔ idX
idK ⋔ p
Moreover, by the pullback pasting lemma, we have the following commutative
diagram in C,
L ⋔X U L ⋔ U
K ⋔X U (K ⋔ U)×K⋔X (L ⋔X) K ⋔ U
X L ⋔X K ⋔X
i ⋔X U i  p
i ⋔ idU
Z ⋔X p idK ⋔ p
i ⋔ idX
where every square and rectangle is a pullback diagram in C. Thus, by axiom
C, i ⋔X U : L ⋔X U → K ⋔X U is indeed a trivial fibration in C. 
Lemma 5.5. With notation as in lemma 5.4:
(i) Q has simplicially enriched finite products.
(ii) Given any monomorphism i : K → L of finite simplicial sets and any
pair (p′, p) of objects in Q, for each morphism f : K → Q(p′, p), there
exist a morphism v : p′′ → p′ in Q and a morphism g : L → Q(p′′, p)
making the following diagram commute:
K Q(p′, p)
L Q(p′′, p)
i
f
Q(v, p)
g
Proof. (i). It is clear that Q has a simplicially enriched terminal object, and
the existence of simplicially enriched binary products is an immediate con-
sequence of axioms C and C∆.
(ii). By lemma 5.4, f : K → Q(p′, p) corresponds to a morphism f˜ : p′ →
K ⋔X p in Q, and by axiom C, we may form the following pullback diagram
in Q,
p′′ L ⋔X p
p′ K ⋔X p
v
g˜
i ⋔X p
f˜
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where (the underlying morphism of) v : p′′ → p′ is a trivial fibration in C.
Then g˜ : p′′ → L ⋔X p corresponds to a morphism g : L → Q(p′′, p), and it is
straightforward to see that diagram in question commutes. 
Corollary 5.6. Let C be a simplicial category of fibrant objects, let X be
an object in C, let Q be the full subcategory of the simplicially enriched slice
category C/X spanned by the trivial fibrations, and let π0[Q] be the category
obtained by applying π0 to the hom-spaces of Q. Then π0[Q]
op is a filtered
category.
Proof. Recalling lemma 5.5, it suffices to show that, for any parallel pair f0, f1 :
p′ → p in Q, there is a morphism v : p′′ → p′ in Q such that f0 ◦ v = f1 ◦ v in
π0[Q]. But (f0, f1) define a morphism f : ∂∆1 → Q(p′, p), so the lemma implies
there exist a morphism v : p′′ → p′ in Q and a morphism g : ∆1 → Q(p′′, p)
making the diagram below commute,
∂∆1 Q(p′, p)
∆1 Q(p′′, p)
f
Q(v, p)
g
so we indeed have f0 ◦ v = f1 ◦ v in π0Q(p′′, p). 
The next result may be regarded as a homotopical version of Theorem 1
in [Brown, 1973], which describes the hom-sets in the homotopy category of a
category of fibrant objects. Indeed, we will derive a closely related result as a
corollary.
Theorem 5.7. Let C be a simplicial category of fibrant objects, let LHC be the
hammock localisation, let X be an object in C, let Q be the full subcategory
of the simplicially enriched slice category C/X spanned by the trivial fibrations,
and let U : Q → C be the evident projection. Then,
holim
−→Qop
C(U,−) ≃ LHC(X,−)
by a zigzag of weak equivalences of functors C → sSet. In particular,
holim
−→Qop
C(U,−) : C → sSet
preserves weak equivalences.
Proof. LetQ be the underlying ordinary category ofQ. By lemmas 1.8 and 5.4,
holim
−→Qop
C(U,−) ≃ holim
−→Qop
C(U,−)
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so it suffices to verify the following:
holim
−→Qop
C(U,−) ≃ LHC(X,−)
Moreover, recalling theorem 4.11 and proposition 5.3, we may apply theorem 2.10
and lemma 3.8 to reduce the problem to showing that
holim
−→Qop
C(U,−) ≃ N
(
C
[−1;1]
V (X,−)
)
by a zigzag of weak equivalences of functors. By using Thomason’s homotopy
colimit theorem (1.11), it is not hard to see that there is a weak equivalence
holim
−→Qop
disc C(U,−) ≃ N
(
C
[−1;1]
V (X,−)
)
of functors C → sSet, where on the LHS we have the ordinary hom-functor.
In particular,
holim
−→∆op
holim
−→Qop
disc C(U,∆• ⋔ (−)) ≃ holim
−→∆op
N
(
C
[−1;1]
V (X,∆
• ⋔ (−))
)
but on the one hand, by corollary 2.11,
N
(
C
[−1;1]
V (X,−)
)
≃ holim
−→∆op
N
(
C
[−1;1]
V (X,∆
• ⋔ (−))
)
and on the other hand, by the Bousfield–Kan theorem,[4]
holim
−→∆op
disc C(U,∆• ⋔−) ≃ C(U,−)
so by interchanging homotopy colimits, the claim follows. 
Corollary 5.8. With notation as above,
lim
−→pi0[Q]op
π0C(U,−) ∼= Ho C(X,−)
as functors C → Set.
Proof. Since π0 : sSet → Set is a simplicially enriched left Quillen functor,
it takes homotopy colimits in sSet to homotopy colimits in Set. Homotopy
colimits in Set are the same as (simplicially enriched) colimits, thus,
lim
−→Qop
π0C(U,−) ∼= π0L
HC(X,−) ∼= Ho C(X,−)
But the evident localising functor Q → π0[Q] induces an equivalence between
the category of simplicially enriched diagrams Qop → Set and the category of
(ordinary) diagrams π0[Q]
op → Set, so
lim
−→pi0[Q]op
π0C(U,−) ∼= lim−→Qop
π0C(U,−)
and we are done. 
[4] See paragraph 4.3 in [Bousfield and Kan, 1972, Ch. XII] or Theorem 18.7.4 in [Hirschhorn,
2003].
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6 The Verdier hypercovering theorem
Throughout this section, let C be a small category with a Grothendieck topo-
logy J , let M be the category of simplicial presheaves on C, equipped with
the J-local model structure of Joyal [1984] and Jardine [1987], and for each
regular cardinal κ, let M<κ be the full subcategory of κ-presentable objects
in M.
Proposition 6.1. There are arbitrarily large regular cardinals κ such that
M<κ inherits the structure of a simplicial closed model category from M, in-
cluding functorial factorisations.
Proof. Use Propositions 1.17, 5.9, and 5.20 in [Low, 2014a]. 
Recall also the notion of a J-local fibration of simplicial presheaves on C:
in the case where (C, J) is a site with enough points, a morphism of simplicial
presheaves on C is a J-local fibration if and only if all its stalks are Kan
fibrations. Let E be the full subcategory ofM spanned by the J-locally fibrant
simplicial presheaves on C and let E<κ = E ∩M<κ.
Proposition 6.2. There are arbitrarily large regular cardinals κ such that
E<κ is a simplicial category of fibrant objects, with weak equivalences being the
J-local weak equivalences and fibrations being the J-local fibrations.
Proof. Let κ be any uncountable regular cardinal such that |mor C| < κ. It is
clear that axioms A, B, and E are satisfied, and a cardinality argument can
be used to verify axiom C and C∆. (Under our hypothesis on κ, a simplicial
presheaf on C is inM<κ if and only if it has < κ elements.) A similar argument
shows that the cotensor products K ⋔X are inM<κ if K is a finite simplicial
set and X is in M<κ, so it suffices to verify that E satisfies axioms F and
G; for this, we may use the same method as the proof of Lemma 1.15 in
[Low, 2014b], i.e. first reduce to the case of simplicial sheaves, and then apply
Barr’s embedding theorem to reduce to the case of simplicial sets, which is
well known.[5] 
Henceforth, fix an infinite regular cardinal κ such thatM<κ and E<κ satisfy
the conclusions of propositions 6.1 and 6.2.
Lemma 6.3. Let Γ : Cop ×M→ sSet be the functor defined by the following
formula:
Γ(C,X) = X(C)
Then, for each object C in C:
[5] See e.g. Theorem 3.3.1 in [Hovey, 1999].
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(i) Let hC be the simplicial presheaf represented by C. There is an isomorph-
ism
Γ(C,−) ∼=M
(
hC ,−
)
of functors M→ sSet, where the RHS is the simplicial hom-functor.
(ii) Γ(C,−) : M → sSet is a right Quillen functor. In particular, it has a
total right derived functor RΓ(C,−) : HoM→ Ho sSet.
(iii) Let LHM<κ be the hammock localisation ofM<κ. There is an isomorph-
ism
RΓ(C,−) ∼= LHM<κ
(
hC ,−
)
of functors HoM<κ → Ho sSet.
Proof. (i). Use the Yoneda lemma.
(ii). M
(
hC ,−
)
is a right Quillen functor becauseM is a simplicial closed model
category where all objects are cofibrant, so Γ(C,−) is also a right Quillen
functor. The existence of a total right derived functor is then a standard
result.[6]
(iii). Apply either Remark 5.2.10 in [Hovey, 1999] or Proposition 16.6.23 in
[Hirschhorn, 2003] to Theorem 3.8 in [Low, 2014c]. 
Lemma 6.4. Let X and Y be objects in E<κ. Then the morphism
L
HE<κ(X, Y )→ L
HM<κ(X, Y )
induced by the inclusion E<κ →֒ M<κ is a weak homotopy equivalence of sim-
plicial sets.
Proof. Use Proposition 3.5 in [Dwyer and Kan, 1980b]. 
The following version of the Verdier hypercovering theorem is due to Jardine
[2012] and Rezk [2014].
Proposition 6.5. Let C be an object in C and let V be the subcategory of
J-local trivial fibrations in E<κ. Then there are isomorphisms
RΓ(C,−) ∼= LHE<κ
(
hC ,−
)
∼= N
(
(E<κ)
[−1;1](
hC ,−
))
∼= N
(
(E<κ)
[−1;1]
V
(
hC ,−
))
of functors Ho E<κ → Ho sSet.
Proof. Combine theorem 2.10 and lemmas 3.8, 6.3, and 6.4. 
[6] See e.g. Theorem 8.5.8 in [Hirschhorn, 2003].
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One may then derive a homotopy colimit formula for RΓ(C,−) analogous
to Verdier’s original colimit formula (cf. Théorème 7.4.1 in [SGA 4b, Exposé V]
or Theorem 8.16 in [Artin and Mazur, 1969]). A similar result was previously
obtained by Jardine [2015]: see Theorem 6.17 and Corollary 6.19 in op. cit.
Proposition 6.6. Let C be an object in C, let Q be the simplicially enriched
full subcategory of the simplicially enriched slice category (E<κ)/hC spanned by
the J-local trivial fibrations, and let U : Q → E<κ be the evident projection
functor. Then there is an isomorphism
RΓ(C,−) ∼= holim−→Qop
E<κ(U,−)
of functors Ho E<κ → Ho sSet.
Proof. Apply theorem 5.7 and proposition 6.5. 
Corollary 6.7. Let K be a Kan complex of cardinality < κ and let ∆K be the
constant simplicial presheaf on C with value K. With other notation as above,
we have
RΓ(C,∆K) ∼= holim−→Qop
sSet
(
lim
−→Cop
◦ U,K
)
as objects in Ho sSet, and this is natural in K.
Proof. As usual, we have the following isomorphism of simplicially enriched
functors Qop → sSet:
sSet
(
lim
−→Cop
◦ U,K
)
∼= E<κ(U,∆K)
The claim follows, by proposition 6.6. 
A Categories of fibrant objects redux
The following is what Cisinski [2010a] calls a ‘catégorie dérivable à gauche’:
Definition A.1. A Cisinski fibration category is a category C equipped
with a pair (W,F) of subclasses of mor C satisfying these axioms:
D0. C has a terminal object 1. A fibrant object in C is an object X such
that the unique morphism X → 1 in C is in F . Any object isomorphic
to a fibrant object is fibrant, and 1 is fibrant.
D1. (C,W) is a category with weak equivalences.
D2. F is closed under composition and every isomorphism between fibrant
objects in C is in F . If p : X → Y is in F and g : Y ′ → Y a morphism
between fibrant objects in C, then the pullback of p along g exists in C
and is a morphism that is in F .
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D3. If p : X → Y is in W ∩ F and g : Y ′ → Y is a morphism between
fibrant objects in C, then the pullback of p along f (exists in C and) is a
morphism that is in W ∩F .
D4. If f : X → Y is a morphism in C and Y is fibrant, then there exist a
morphism i : X → Xˆ in W and a morphism p : Xˆ → Y in F such that
f = p ◦ i.
In a Cisinski fibration category as above,
• a weak equivalence is a morphism in W,
• a fibration is a morphism in F , and
• a trivial fibration (or acyclic fibration) is a morphism in W ∩F .
We will often abuse notation and say C is a Cisinski fibration category, without
mentioning the data W and F .
Example A.2. Every category of fibrant objects is a Cisinski fibration cat-
egory in the obvious way. Moreover, if C is a category of fibrant objects and
Y is an object in C, then the slice category C/Y is Cisinski fibration category
where the fibrant objects are the fibrations with codomain Y .
The following is essentially the statement that every object in a Cisinski
fibration category can be replaced with a fibrant object in a homotopically
unique way. The proof is due to Denis-Charles Cisinski and also appears in
[Barnea, Harpaz and Horel, 2015]; we thank Geoffroy Horel for sharing it with
us.
Theorem A.3 (Cisinski). Let C be a Cisinski fibration category and let C◦
be the full subcategory of C spanned by the fibrant objects. Then the inclusion
weq C◦ →֒ weq C is a homotopy cofinal functor.
Proof. Let X be an object in C. We must show that the comma category
(X ↓ U) is weakly contractible. By the asphericity lemma (1.6) in [Cisinski,
2010b], it suffices to verify the following: for any finite poset J and any dia-
gram F : J → (X ↓ weq C◦), there is a zigzag of natural transformations
connecting F to a constant diagram.
First, observe that diagrams F : J → (X ↓ weq C◦) are the same as
diagrams functors Y : J → weq C equipped with a cone ϕ : ∆X ⇒ Y .
By Théorème 1.30 in [Cisinski, 2010a], there is a natural weak equivalence
θ : Y ⇒ Yˆ where Yˆ is fibrant over the boundaries (‘fibrant sur les bords’), so
by Proposition 1.18 in op. cit., the limit lim
←−J
Yˆ exists in C and fibrant. Thus,
the cone θ • ϕ : ∆X ⇒ Yˆ can be factored as a weak equivalence i : X → Xˆ
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in C followed by a cone ϕˆ : ∆Xˆ ⇒ Yˆ , where Xˆ is a fibrant object in C, and
hence, we have the following diagram in [J ,weq C]:
∆X ∆X ∆X
Y Yˆ ∆Xˆ
ϕ ∆i
θ ϕˆ
This shows that F : J → (X ↓ weq C◦) is indeed connected to a constant
diagram. 
Corollary A.4. Let C be a category of fibrant objects, let (X, Y ) be a pair of
objects in C, and let Cfun(X, Y ) be the category of functional correspondences
X →[ Y . Then the inclusion UX,Y : C
fun(X, Y ) →֒ C[−1;1](X, Y ) is homotopy
cofinal.
Proof. Let (f, w) : X →[ Y be a cocycle in C. We must show that the comma
category ((f, w) ↓ UX,Y ) is weakly contractible. Let D be the slice category
C/Y×X considered as a Cisinski fibration category in the obvious way. It is not
hard to see that Cfun(X, Y ) is isomorphic to a full subcategory of weq C/Y×X ,
contained in the full subcategory weq
(
C/Y×X
)◦ spanned by the fibrant objects
(i.e. fibrations in C with codomain Y × X). Moreover, the comma category
((f, w) ↓ UX,Y ) is isomorphic to the comma category
(
〈f, w〉 ↓ weq
(
C/Y×X
)◦),
so by theorem A.3, ((f, w) ↓ UX,Y ) is weakly contractible. 
As promised, we obtain the following generalisation of theorem 4.11:
Theorem A.5. Let C be a category of fibrant objects, let V be the subcategory
of trivial fibrations in C, and let Cfun be the category of all functional corres-
pondences in C. Then V ⊆ morweq C, Cfun, and Cfun →֒ C[−1;1] constitute a
homotopical calculus of cocycles in C.
Proof. Combine lemma 4.6 and corollary A.4. 
Remark A.6. Building on the above, Meier [2015] showed that any category
of fibrant objects that is a homotopical category is itself a fibrant object in
the model category of relative categories of Barwick and Kan [2012].
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